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1. Introduction 
Away from Noetherian co*,ditions the behaviour of the global dimension of a 
commutative ring A (i.e. the last integer m for which the bi-functor Extz(-, -) is 
non-vanishing) is quite independent from the weak (or Tor -) dimension of A (i.e. 
the last integer n for which the bi-functor Tort (-, -) is non-vanishing). En this 
note we show that equality of these dimensions in local rings is related to phenorn- 
ena of finiteness of prime ideals. 
We recall that a ring A is coherent if its finitely generated ideals are finitely pre- 
sented. A coherent local ring A of (finite) global dimension equal to its Tor-dimen- 
sion will be called super-regular. This restriction on the definition to local rings is 
necessitated as super-regularity is not stable under localizations, among other mis- 
behaviours. Nevertheless, we can state 
Theorem. The maximal ideal III of a super-regular ring is finitely generated. 
2. The proof 
We aim at finding a finitely generated ideal I such that: Ext: (A,$ A) = 0 for 
i < n = gl dim (A). For such ideal the pair {A, A/I} is “admissible” for change of 
rings and projective dimensions in the sense of [4, (4.4)], that is, for any A/I-mod- 
ule E of finite projective dimension 
Pd, (E) = n -+ PdA/l(E) l 
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A/1 will then be a perfect ring [l] ; since it is also coherent, A/I is Artinian and 111 
will be as desired. 
The equality Tor-dim (A) = gl dim (A) ensures the existence of a finitely generated 
module M, even a cyclic one A/J with J finitely generated, such that pdA (A/J) = n. 
Let 0 --3 Fn cpn, Fn_l l *- F, % Fd -+ A/J -+ 0 be a finite free resolution of A/J 
(Fi = finitely generated). Let I be the determinant of pH, that is the ideal of A gener- 
ated by the minors of order = rank (Fn) of the ‘matrix’ ppn. We claim that this I satis- 
fies the requirements. 
To show that Exti (A/I,. 1) = 0 for i < n, we make a change of rings 
h: A + B = A [x$1 = polymmial ring in infinitely many indeterminates over A. As 
A is a coherent ring, A/I adraits a finite free resolution and thus 
Ext;(A/I, A) G 4 B = Ext;(B/IB, B) l 
Since h is a faithfully flat c hange of rings it suffices to show the nullity of this last 
module. For that a property of B we shall use is: If L is a finitely generated i eal of 
B, every finitely generated faithful ideal of B/L contains a nonzero divisor. 
To complete the proof, notice that by McCoy’s theorem [3, p. 1471 there is a 
nonzero divisor in IB, say, fI. By the change of rings of [3, p. 1551 we have 
Exti(B/IB, B) = Ext$&$B/IB, Bl(f I )) for i > 0 . 
Now tensor by B/(fl) the resolution of B aA im (~~9. An easy induction ends the 
proof. 
3. Remarks 
a) in the situation above, once the finite generation of 111 isassured one can pro- 
ceed to prove, just as in Noetherian case [3, p. 1691 that nr can be generated by a 
regular A-sequence. What is no longer valid is that all maximal A-sequences in ITI 
have the same length. This fact together with the lack of permanence of super- 
regularity in a proper localization can be seen in the family of examples displayed 
in [2]. 
b) For coherent rings - not necessarily ocal - there is an aiternative to com- 
puting the Tor-dimension as the supremum of the Tor-dimensions of the localiza- 
tions at the maximal ideals. 
Let A be a coherent ring; for each prime ideal +,I minimal over a finitely generated 
ideal let A p denote the localization of A at I). Write B = IIA p , p running over these 
primes; B is flat as an A-module (coherence of A). It is easy to see that E is in fact 
faithfully fiat; from this it follows that 
Tar-dim (A) = sup { Tor-dim (A p), v as above} .
Notice that these are the primes for which the punctured spectrum of the localiza- 
tion is quasi-compact. 
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